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Abstract: This paper presentsa novel representationfor
three-dimensionalobjects in terms of af�ne-invariant im-
age patchesandtheir spatial relationships.Multi-view con-
straintsassociatedwith groupsof patchesarecombinedwith
a normalizedrepresentationof their appearanceto guide
matching and reconstruction,allowing the acquisition of
true three-dimensionalaf�ne and Euclideanmodelsfrom
multipleimagesandtheir recognition in a singlephotograph
taken from an arbitrary viewpoint. Theproposedapproach
doesnot requirea separatesegmentationstage andis appli-
cableto clutteredscenes.Preliminarymodelingandrecog-
nition resultsarepresented.

1 Intr oduction
This paperaddressesthe problemof recognizingthree-

dimensional (3D) objects in photographs. Traditional
feature-basedgeometricapproachesto this problem,for ex-
amplealignmentandinterpretationtrees[6, 8], enumerateall
triplesof imagefeaturesbeforeposeconsistency constraints
canbeusedto con�rm or discardcompetingmatchhypothe-
ses. Appearance-basedtechniques,on the other hand,use
rich local descriptionsof the image brightnesspatternto
selecta relatively small setof promisingpotentialmatches
beforeusinggeometricconsistency constraintsto retainthe
correctones.However, they normallyeitherrequirestoringa
largenumberof views for eachobject(e.g.,[15, 17, 20]), or
limiting therangeof admissibleviewpoints(e.g.,[21, 25]).

Viewpoint invariants(or invariants for short) provide a
natural indexing mechanismfor object recognition tasks.
Unfortunately, althoughplanar objectsand certain simple
shapes(e.g., bilaterally symmetricones)admit invariants,
general3D shapesdo not [2], which is themainreasonwhy
invariantshave fallen out of favor after an intense�urry of
activity in the early 1990s[13, 14]. We proposein this
paperto revisit invariantsasa local objectdescription:In-
deed,althoughsmoothsurfacesare almostnever planarin
the large, they arealwaysplanarin the small—thatis, suf-
�ciently small surfacepatchescanalwaysbe thoughtof as
beingcomprisedof coplanarpoints. The surfaceof a solid

canthusberepresentedby acollectionof smallpatches,their
invariants,anda descriptionof their 3D spatialrelationship.

We proposesuch a surface representationin terms of
the af�ne-invariantpatchesintroducedby Mikolajczyk and
Schmid[12] and geometricconsistency constraintsrelated
to the multi-view geometrystudiedin the structure-from-
motion literature [3, 5, 23]. The detectionand represen-
tation of af�ne-invariantpatchesis discussedin Section2.
We show in Section3 that it is possibleto exploit themulti-
view geometryof af�ne projectionto imposeeffectivepose-
consistency constraintsonmatchingpatches(see[10, 19, 22,
24] for relatedwork). Thus, different views of the same
scenecan be matchedby checkingwhethergroupsof po-
tential correspondencesfound by correlationare geometri-
cally consistent.This matchingstrategy is usedin modeling
tasks,wherematchesfound in pairsof successive (unregis-
tered)imagesof thesameobjectareusedto createa global
3D (af�ne or Euclidean)modelof this object. We show in
Section4 that multi-view consistency constraintsimposed
on potentialcorrespondencesbetweenthese3D modelsand
imagepatchescanalsobeusedto identify 3D objectsin pho-
tographstakenfrom arbitraryviewpoints. In practice,mod-
eling is donein controlledsituationswith little or noclutter;
thestrongerconsistency constraintsassociatedwith 3D mod-
els make up for the presenceof signi�cant clutter in object
recognitiontasks,avoiding theneedfor a separatesegmen-
tationstage.Theproposedapproachto 3D objectmodeling
andrecognitionhasbeenimplemented,andpreliminaryex-
perimentsarepresentedin Section5. Weconcludein Section
6 with abrief discussionof its promiseandlimitations.

2 Af�ne-In variant Patches
Operatorscapableof �nding rotation-[20], scale-[9, 11]

andaf�ne-invariant[1, 12, 18, 24] imagedescriptorsin the
neighborhoodof salientimagefeatures(“interestpoints”[4])
have recentlybeenproposedin thecontext of wide-baseline
stereomatchingandimageretrieval. In this paper, we use
animplementationof theaf�ne-invariantregiondetectorde-
velopedby MikolajczykandSchmid[12] for low-level im-



agedescription.In this approach,thedependency of an im-
agepatch's appearanceon af�ne transformationsof the im-
ageplaneis eliminatedby an iterative recti�cation process
basedon using(a) the second-momentmatrix computedin
theneighborhoodof apointto normalizetheshapeof thecor-
respondingimagepatchin anaf�ne-invariantmanner;(b) the
local extremaof thenormalizedLaplacianover scaleto de-
terminethe characteristicscaleof the local brightnesspat-
tern; (c) an af�ne-adaptedHarris detectorto determinethe
patchlocation;and(d) imagegradientinformationto elimi-
nateany remainingrotationalambiguity.

Theoutputof theinterestpointdetection/recti�cationpro-
cessis asetof imagepatchesin theshapeof parallelograms,
togetherwith thecorrespondingaf�ne rectifyingtransforma-
tions. Thetransformation

�

associatedwith eachpatchmaps
thecorrespondingparallelogramontoasquarewith unit edge
half-lengthcenteredat the origin (Figure 1). The recti�ed
patchis a normalizedrepresentationof the local surfaceap-
pearancethat is invariant under planar af�ne transforma-
tions.Wewill assumefrom now onanaf�ne—that is, ortho-
graphic, weak-perspective, or paraperspective—projection
model(the full perspective casewill be brie�y discussedin
Section6). Under this model, our normalizedappearance
representationis invariantunderarbitrarychangesin view-
point. For Lambertianpatchesanddistantlight sources,it
canalsobemadeinvariantto changesin illumination(ignor-
ing shadows) by subtractingthe meanpatchintensity from
eachpixel valueandnormalizingthesumof squaredinten-
sity valuesto one(or equivalentlyusingnormalizedcorrela-
tion to comparepatches).
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Figure1: Geometricinterpretationof the recti®cationmatrix �

andits inverse� .

The rectifying transformationassociatedwith a planar
patchandits inversecanbe representedby two ����� ma-
trices

�

and � that maphomogeneous(af�ne) planecoor-
dinatesontonon-homogeneousones.Thesetransformations
will playa fundamentalrole in therestof this paper. For the
timebeing,let usnotethatthecolumnsvectorsof thematrix

� admit a simple geometricinterpretation:Sincethey are
respectively the imagesof the vectors 	�

����������� , 	�����
�������� ,
and 	���������
���� underthatmapping,thethird column � of � is
the (non-homogeneous)coordinatevectorof the patchcen-
ter � , andits �rst two columns� and � arerespectively the
(non-homogeneous) coordinatevectorsof the “horizontal”
and“vertical” vectorsjoining � to thesidesof thepatch(Fig-
ure1). Thesetwo vectorscanalsobe interpretedasthepo-

sitionsof the points,dubbednormalizedside points in the
sequel,wherethe“horizontal” and“vertical” axesof a copy
of the imagepatchplacedat the origin pierceits right and
topside.

In particular(andnotsurprisingly),amatchbetween "!

� imagesof the sameaf�ne invariantpatchescontainsex-
actly thesameinformationasa matchbetween triplesof
points. It is thus clear that all the machineryof structure
from motion[3, 5, 23] andposeestimation[6, 8] from point
matchescanbeexploitedin our modelingandobjectrecog-
nition tasks.Reasoningin termsof multi-view constraintsas-
sociatedwith thematrix � will providein thispaperauni�ed
andconvenientrepresentationfor all stagesof bothtasks,but
oneshouldalwayskeepin mind thesimplegeometricinter-
pretationof thematrix � andthedeeplyrootedrelationship
betweentheseconstraintsand thoseusedin motion analy-
sisandposeestimation.We will comebackto this issuein
Section6.

3 3D Object Modeling
In this section,we exploit the multi-view geometryof

af�ne projectionto imposeeffective pose-consistency con-
straintson matchingpatches.This allows us to matchdif-
ferentviews of thesamesceneby checkingwhethergroups
of potentialcorrespondencesfound by correlationaregeo-
metrically consistent.Matchesfound in pairsof successive
(unregistered)imagesof thesameobjectare�nally stitched
into a global3D (af�ne or Euclidean)modelof this object.
3.1 Matching Constraints

Let us assumefor the time being that we are given #

patchesobservedin  images,togetherwith thecorrespond-
ing �$��� matrices

�&%('

and �

%('

de�ned asin Section2 for
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and / servingrespectively
as imageandpatchindices). We usethesetransformations
to derivein thissectionasetof geometricandalgebraiccon-
straintsthatmustbesatis�edby matchingimagepatches.

A recti�ed patchcanbethoughtof asa �ctitious view of
theoriginalsurfacepatch(Figure2),andtheinversemapping

�

%0'

canthusbedecomposedinto aninverseprojection1

'

[3]
thatmapstherecti�ed patchontothecorrespondingsurface
patch,followedby aprojection2

%

thatmapsthatpatchonto
its projectioninto imagenumber

)

, i.e., �
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�-,�,�,���# . (This is an af�ne instance
of the characterizationof homographiesinducedby planes
givenin Faugeras,LuongandPapadopoulo[3, Prop.5.1]. )

In particular, wecanwrite

4

�65�798

*

:;

�=<�< ,-,�,>�=<�?

,-,�, ,-,�, ,�,-,

�A@B<C,-,�,D�A@E?

FG

*

:;

2
<

...
2

@

FGIH

1J<K,-,�,L1$?NM��

andit followsthatthe �O D�&�O# matrix
4

� hasatmostrank4.
We have not taken into account(so far) the form of the

inverseprojectionmatrix. As shown in theappendix,it can
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Figure 2: Geometricinterpretationof the decompositionof the
mapping ��� � into the productof a projectionmatrix ��� and an
inverseprojectionmatrix � � .

bewrittenas

1
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where �

'

is a � � � matrix, and it satis�es the constraint
1 �

'
�

'

*

� , where
�

'

is thecoordinatevectorof theplane
�

'

that containsthe patch. In addition,the columnsof the
matrix �

'

admit in our casea geometricinterpretationre-
latedto thatof thematrix �

%('

: Namely, the �rst two arethe
(non-homogeneous) coordinatevectorsof the “horizontal”
and “vertical” axesof the surfacepatch,and the third one
is the(non-homogeneous)coordinatevectorof its center�

'

(seeappendix).
To accountfor the form of 1

'

, we constructa reduced
factorizationof

4

� by picking,asin TomasiandKanade[23],
thecenterof massof theobservedpatches'centersastheori-
gin of theworld coordinatesystem,andthecenterof massof
thesepoints' projectionsasthe origin of every imagecoor-
dinatesystem:In thiscase,theprojectionmatricesreduceto
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It follows thatthereduced�O "���O# matrix
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hasat most rank 3, a fact that can be usedas a matching
constraintwhenat leasttwo matchesarevisible in at least
two views.

Alternatively, singularvaluedecompositioncanbe used
as in TomasiandKanade[23] to factorize

4

� andcompute
estimatesof thematrices

4

�

and
4

� thatminimizethesquared
Frobeniusnormof thematrix

4

���

4

�

4

� . Theresidual(normal-
ized)Frobeniusform �

4

���

4

�

4

�

� ��� �
 # of thismatrixcanbe
interpretedgeometricallyastheaveragedistance(in pixels)
betweenthecenterandnormalizedsidepointsof thepatches

observed in the image,and the centerandnormalizedside
pointspredictedfrom therecoveredmatrices

4

�

and
4

� .
3.2 Matching Strategy

Imagematchingrequirestwo key ingredients:(a) a mea-
sure of appearancesimilarity betweentwo imagesof the
samepatch,and(b) a measureof geometricconsistency be-
tween # matches� < , ,�,-, , � ? establishedacross images
(amatchis an  -tupleof imagepatches).For theformerwe
usenormalizedcorrelationbetweenrecti�ed patches.For the
latter, weusethemethoddescribedin theprevioussectionto
estimate(when  ��# ! � ) the matrices

4

�

and
4

� , andde-
�ne � 	�� <���,-,�,-���6? �

*

�

4

���

4

�

4

�

� � � �O $# asa measureof
inconsistencybetweenthematches.

In our current implementation,we only match patches
acrosspairsof images(  

*

� ), andfollow astrategy similar
to thatusedin therangedatadomainby JohnsonandHebert
[7] with spinimages. Givenapatchin oneimage,we�rst se-
lect its  mostpromisingmatchesin thesecondimagebased
on normalizedcorrelationof the recti�ed patches.We then
�nd groupsof consistentmatchesasfollows: For eachoneof
the! matches,weinitialize thegroup" to thatmatch� . We
then�nd thematch �$# minimizing � 	�" ���$# � (naturallyde-
�ned as � 	%�

<
��,-,�,.�&�(' �&�

#
� when "

*

	��
<

�-,�,�,-���(' � ). If
� 	�" ���)# �+*-, , where, is a presetthreshold,we add �.# to
" andcontinue.This resultsin theconstructionof ! groups.
Finally, wediscardall groupssmallerthansomethreshold/ .
Theremainingmatchesarejudgedto becorrect.Wethenuse
estimatedprojectionmatricesto predictadditionalmatches.

The implementationof this matchingstrategy is deter-
minedby thechoiceof thethreethresholds , , , and / . In
theexperimentspresentedin Section5 wehaveused 

*10

,
andonly groupmatcheswith correlationabove 0.9. We de-
terminethe othertwo thresholdsfrom statisticson the data
itself.
3.3 Constructing an Integrated Model

Thematchingstrategyoutlinedin theprevioussectioncan
beusedin modelingtasksto matchsuccessivepairsof views
of thesameobject.Thematchingprocessprovidesasa side
bene�t theaf�ne structureof thescene:The planes

�

'

are
thezeroeigenvectorsof thematrices1 �

'

, andthepoints 2

'

arethethird columnsof thesematrices.
Whensomeof thepatchesareonly observed in someof

the frames(the usualcase),the datacanbe split into over-
lappingblocksof two or moreframes,usingall thepatches
visible in all imagesof thesameblock to run the factoriza-
tion technique,thenusingthepointscommonto overlapping
blocks to register the successive reconstructionsin a com-
mon frame. In principle, it is suf�cient to have blocksthat
overlapby four points. Onceall blocksare registered,the
initial estimatesof the variables2

%

and 1

'

arere�ned by
minimizing 3

?

'54

<

3

%76�8%9

� �

%('

�62

%

1

'

� : , where ;

'

denotes
thesetof imageswherepatchnumber/ is visible. Giventhe
reasonableguessesavailablefrom theinitial registration,this



non-linearleast-squaresprocessonly takes(in general)afew
iterationsto converge.

It is not possibleto go from af�ne to Euclideanstructure
andmotionfrom two viewsonly. Whenthreeor moreviews
areavailable,on theotherhand,it is asimplematterto com-
putethe correspondingEuclideanweak-perspective projec-
tion matrices(assumingtheaspect-ratiosareknown) andre-
cover theEuclideanstructure[16, 23].

4 3D Object Recognition
We now assumethatthetechniquedescribedin Section3

hasbeenusedto createa library of 3D objectmodels,and
addresstheproblemof identifying instancesof thesemodels
in a test image. As before,we start by deriving matching
constraintsbetweenmodelandimagepatchesbeforeusing
theseconstraintsto retainor discardgroupsof potentialcor-
respondences.
4.1 Matching Constraints

We assumein the restof this sectionthat # !L� af�ne-
invariantpatchesfound in a testimagehave beenputatively
matchedto # patchesfrom a single objectmodel, andde-
rive consistency constraintsthat must be satis�ed by these
matches.Let us assumethat we have the recti�cation ma-
trices �

< , ,�,�, , �
? associatedwith thecorrespondingpatches

in the test image. As in Section3, we canalwayspick the
centerof massof the # patchcentersin thetestimageasthe
origin of its coordinatesystem,andchangetheorigin of the
world coordinatesystemsothat it coincideswith thecenter
of massof theirmatchesin themodel.

With thisconvention,theprojectionmatrixcanbewritten
as 2

*

H5�

�

M andwe canwrite asbefore �

'

*

�

�

'

.
We have therefore
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*

�

'
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' for /
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��,-,�,.��# . Note that
the valueof �

'

is availablefrom the modelingstagein the
coordinatesystemattachedto the model. If 2 denotesthe
(known)positionof thecenterof massof thepatchcentersin
theoriginalcoordinatesystem,it is easyto seethatthevalue
of �

'

in thenew coordinateframeis obtainedby subtracting
2 	���������
�� from its old value.We cannow write
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andtheleast-squaressolutionof thisequationis
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� ,
where

�

�

�

denotesthe pseudoinverseof
�

� . An appropriate
measureof consistency in this caseis (similar to the image
matchingcase)�

�

�(�

�

�

�

�+� �
�

�
# � thatcanonceagainbein-
terpretedin termsof imagedistancesmeasuredin pixels.
4.2 Matching Strategy

Ourcurrentimplementationusestheaf�ne matchingcon-
straintsderived in Section4.1. Normalizedcorrelationbe-
tweenrecti�ed patchesis onceagainusedasa measureof
appearancesimilarity betweenimagepatches. Note that a
representative imagepatchmustbechosenfor eachpatchin

the model. We pick the patchwith the largestcharacteris-
tic scale.For geometricconsistency, we usethemethodde-
scribedin theprevioussectionto estimate(when #6! � ) the

matrices

�

� anduse � # 	�� < ��,-,�,��&� ? � 5-798

*

�

�

� �

�

�

�

� � � �
�
#

asa measureof inconsistency betweenthematches.Except
for theseminor differences,the matchingstrategy remains
thesameasin themodelingcase.

5 Implementation
We have implementedtheapproachproposedin Sections

3 and4 andpresentpreliminarymodelingand recognition
experiments. Sinceboth the modelingand matchingcon-
straintsarebasedon theinverserecti�cation matrices�

%0'

, it
is importantto estimatethesematricesasaccuratelyaspossi-
ble. Initial estimatesprovidedby theaf�ne-invariantregion
detectorareimprovedasfollowsateverystageof thematch-
ing/reconstructionprocess.Assumingthat patchnumber/

is seenin  

'

views, we canadjustthe inverserecti�cation
matrices�

%('

by maximizingtheaveragenormalizedcorrela-
tion betweenthe  

'

	  

'

�6
 ���O� pairsof (inverselyrecti�ed)
imagesof this patch(seeFigure3).

Figure 3: Adjusting the rectifying transformations: Recti®ed
patchesassociatedwith amatchin threeviewsbefore(top)andafter
applyingthere®nementprocess(bottom).

Wehaveappliedthemodelingapproachdescribedin Sec-
tion 3 to several differentobjects,four of which areshown
in Figure4. For eachobject,the�gure showsonesamplein-
put picturefrom thesetof input pictures.Eachsetcontains
an averageof 16 input pictures. Below eachinput picture,
the �gure shows a renderingof the Euclideanmodel. The
modelsarerathersparse,but oneshouldkeepin mind that
they areintendedfor objectrecognition,not for image-based
renderingapplications.

Figure 5 shows the resultsof somerecognitionexperi-
ments.On top arethetestpictures,with recognizedpatches
marked.Someof thepicturescontaininstancesof two differ-
entmodels.Below arethemodelsrenderedin theirrecovered
poses.Theaveragere-projectionerror is small in all cases,
rangingfrom 2.8pixelsfor thebearto 0.7pixelsfor thesalt,
for 2200x1700images.

6 Discussion
We have proposedin this paperto revisit invariantsasa

localobjectdescriptionthatexploitsthefactthatsmoothsur-
facesare always planarin the small. Combiningthis idea
with theaf�ne-invariantpatchesof MikolajczykandSchmid



Figure5: Recognitionexperiments.(Top) Testpictures,with recognizedpatchesmarked. (Bottom)Modelsrenderedin their recovered
poses.(Left to right) Teddybear, vase,saltandrubbletogether.

Figure4: Objectgallery. (Top) Oneof several input picturesfor
eachobject. (Bottom)Renderingof eachmodel,not necessarilyin
sameposeasinput picture.(Left to right) Teddybear, vase,plastic
modelof a pile of rubble,MortonSaltcontainer.

[12] hasallowedusto constructa normalizedrepresentation
of localsurfaceappearancethatcanbeusedto selectpromis-
ing matchesin 3D object modelingand recognitiontasks.
We have usedmulti-view geometricconstraintsto represent
the 3D surfacestructurein the large, retaingroupsof con-
sistentmatches,andreject incorrectones. We believe that
our preliminaryexperimentsdemonstratethepromiseof the
proposedapproach.

The currentimplementationis limited to af�ne viewing
conditions.As notedin Section2, a matchbetween ! �

imagesof thesameaf�ne invariantpatchesis equivalentto a
matchbetween triples of points, thus the machineryde-

velopedin the structurefrom motion [3, 5, 23] and pose
estimation[6, 8] literaturecan in principle be usedto ex-
tend our approachto the perspective case. Perhapsmore
interestingly, it might be possibleto mix local af�ne con-
straintswith globalperspective/projective ones:Indeed,for
patcheswhoserelief is smallcomparedto thedistancesepa-
ratingthemfrom thecamera,thelocal projectivedistortions
associatedwith the perspective projectionprocessare nor-
mally negligible, andtherectifying transformationscanthus
bemodeledasplanarhomographiesthatjust happento have
an af�ne form. As shown in [3] for example,planarhomo-
graphiescan also be written as the compositionof a (per-
spective) projectionandaninverseprojection,althoughthis
factorizationis only de�ned up to an unknown scalefactor,
preventingthestraightforwarduseof singularvaluedecom-
position techniques.Thus it would be interestingto com-
bine af�ne and perspective/projective matchingconstraints
in modelingandrecognitiontasks(aswasdonebyTuytelaars
andVanGool [24] in theimagematchingdomain).Another
problemthatwe feelhasnotbeendealtwith in asatisfactory
manneris thecombinatoricsof thematchingprocess:What
is thebestway (or at leasta goodway) to combinemultiple
views of multiple objectswith somepatchesvisible in some
imagesbut not in others?This remainsanopenquestionthat
we planto addressin thefuture.
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Appendix: InverseProjection Matrices
Consideraplane

�

with coordinatevector
�

in theworld
coordinatesystem.For any point in this planewe canwrite
theaf�ne projectionin someimageplaneas �

*

2�� and
���

�

*

� . Thesetwo equationsdeterminethehomogeneous
coordinatevector � up to scale. To completelydetermine
it, we can imposethat its fourth coordinatebe 1, and the
correspondingequationsbecome
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Not surprisingly, 2

� is anaf�ne transformationmatrix.
Sois its inverse,andif
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The 	 � � matrix 2

�

� is theinverseprojectionmatrix [3]
associatedwith theplane

�

. Notethat,for any point � in the
imageplane,thepoint
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lies in theplane
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, thus
�

�

�

*

� . Sincethis mustbetrue
for all points � , we musthave
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Thematrix 1
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usedin this paperis simply 2
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is the matrix associatedwith the projectioninto the
(�ctitious) recti�ed imageplane. Note that 2




'��

mapsthe
center�

'

of patchnumber/ onto theorigin of the recti�ed
imageplane.It follows that the(non-homogeneous)coordi-
natevectorof this point is

2
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:
;
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or, equivalently, that 2

'

is thethird columnof thematrix 1

'

.
A similar reasoningshows that the “horizontal” and“verti-
cal” axesof the patchare respectively the �rst andsecond
columnsof 1

'

.
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