Review: General recipe for loss functions

* Find parameters w that minimize the sum of a regularization
loss and a data loss:

. 1<
L(w) AR (w) - ﬁz L(w, x;, ;)

empirical loss regularization 1=1 data loss




Linear classifiers: Outline

« Empirical loss minimization framework

« Linear classification models
1. Linear regression
2. Logistic regression
3. Perceptron training algorithm
4. Support vector machines
« Multi-class classification
1. Multi-class perceptron
2. Multi-class SVM
3. Softmax



One-vs-all classification

. Letye({l,..,C} FEn®
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« Learn C scoring functions f4, f5, ..., f¢ : ‘ : v ‘ f :
« Classify x to class y = argmax,. f.(x) <37 T 8 T, Tl
« Let’'s start with multi-class perceptrons: ko o N I

() = wlx S B E

Perceptrons
Inputs w/ weights w,



Multi-class perceptrons

« Multi-class perceptrons: f.(x) = wl x
 Let W be the matrix with rows w,
« What loss should we use for multi-class classification?
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Figure source: Stanford 231n


http://cs231n.github.io/linear-classify/

Multi-class perceptrons

Multi-class perceptrons: f.(x) = wlx
Let W be the matrix with rows w,
What loss should we use for multi-class classification?

Let the loss be the sum of hinge losses associated with
predictions for all incorrect classes:

(W, x;,y;) = 2 max|0, wlx; — wyTixi]

CFY;
Vi Score for correct class (y;)
has to be greater than the
score for the incorrect class (c)



Multi-class perceptrons

(W, x;,y;) = z max[0, wl x; — W;ixi]

CF+Yi

« Gradient w.r.t. Wy,

— z I[we x; > wy x;]x;

C+Yi



Multi-class perceptrons

L((W,x;,y;) = z max|0, WCTxl- — W;ixi]

CF+Yi

« Gradient w.r.t. Wy,

T T
— z [ we x; > wy x;]x;
C+Yi

 Gradientw.rt. w,, c # y;:
I[w; x; > wy x;]x;
» Update rule: for each c s.t. w x; > wy x;:

Wy, < Wy, 71,
We & We — 11X,



Multi-class perceptrons

» Update rule: for each c s.t. w/ x; > wy x;:
l
Wy; € Wy, T1X;
We & We — X

« |s this equivalent to training C independent one-vs-all
classifiers?

Independent Multi-class

Ship score: 24.9 Decrease Do nothing

-l
input image



Multi-class SVM

* Recall single-class SVM loss:

A
l(W, Xi) yl) — g”W”Z T maX[O, 1-—- inTxi]

« (Generalization to multi-class:

A
LW, x5, y:) = - IWII? + ey, max[0,1 — wix; + wlx;]

R Score for correct class has to be
greater than the score for the incorrect
class by at least a margin of 1

(0,1)

(1,0)

A

Score for correct class — score for incorrect class Source: Stanford 231n


http://cs231n.github.io/linear-classify/

Multi-class SVM

)
L(W,x;,y;) = 2—n||W||2 + Yexy, max[0,1 — wy x; + w; x;]

« Gradient w.r.t. Wy,

A
T T
T_I,Wyi — Z H[Wyl.xl- —wex; < l]xl-
C*Yi
 Gradientw.rt. w,, c # y;:
/—1W + Iwlix;, —wlx; < 1]x;
C yivi c i [
n

« Update rule (almost* equivalent to above):

» Foreachc #y;stwyx; —wix; <liw, «w, +nx, W, < w,—1x;

e Forc=1,..,C: WC<—(1—77/1)WC

n



Linear classifiers: Outline

« Empirical loss minimization framework

« Linear classification models
1. Linear regression
2. Logistic regression
3. Perceptron training algorithm
4. Support vector machines
« Multi-class classification
e Multi-class perceptrons
* Multi-class SVM
« Softmax



Softmax

We want to squash the vector of responses (f4, ..., f.) into a
vector of “probabilities”:

exp(f1) exp(fc) )
softmax(fy, ..., f.) = ( e
JoeJ) =\ e () exn ()
The outputs are between 0 and 1 and sum to 1

If one of the inputs (/ogits) is much larger than the others,
then the corresponding softmax value will be close to 1 and
others will be close to 0



Softmax and sigmoid

« For two classes:

exp(f) exp(—f) )

sofmax(f,~F) = (G 7y + expCF x50 + ool

. ( 1 1 )
— \1+exp(-2f)  exp(2f)+1

« Thus, softmax is the generalization of sigmoid for more than
two classes



Cross-entropy loss

It is natural to use negative log likelihood loss with softmax:
exp(wy,x;)

Y. ; exp (W]-Txl-)>

This happens to be the cross-entropy between the “empirical”

distribution P(c|x;) = I[c = y;] and the “estimated” distribution

Py, (c|x;):

(W, x;,y;) = —log Py (y;|x;) = —108<

— 2 P(c|x;) log Py (c|x;)

P(correctclass | x;) = 1

/ P(incorrect class | x;) = 0 I I I

Empirical distribution P(c|x;) Estimated distribution Py, (c|x;)



SVM loss vs. cross-entropy loss

matrix multiply + bias offset
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cross-entropy loss (Softmax)

Source: Stanford 231n



http://cs231n.github.io/linear-classify/

SGD with cross-entropy loss

exp(wy, i) )

Y. exp (W]-Txl-)

= —wy.X; + log (z .exp(ijxl-))

J

(W, x;,y;) = —log Py (y;1x;) = —108(

* Gradient w.r.t. w,, :
exp(w) x;)x;

Y i exp(w x;)

—Xi +



SGD with cross-entropy loss

exp(wy, i) )

Y. exp (W]-Txl-)

= —wy.X; + log (z .exp(Wijl-)>

J

(W, x;,y;) = —log Py (y;1x;) = —108(

« Gradient w.r.t. Wy,

exp(w) x;)x;
—X; + L= (Py (ilx) — Dx;
2. exp(wj x;)
« Gradientw.rt. w,, c # y;:
exp(w¢ x;)X;

= Py, (c|x;)x;
), exp(ijxl-) b



SGD with cross-entropy loss

* Gradient w.r.t. w,, : (Py, (y;lx;) — 1)x;
 Gradientw.rt. w,, c # y;: Py, (clx;)x;

« Update rule:
 Fory;:
wy, < wy. +1(1 = Py (ilx;) ) x;
* Forc+#y;:
we < we — NPy (clxy)x;



Softmax trick: Avoiding overflow

« Exponentiated values exp(f.) can become very large and

cause overflow
« What happens if we add the same constant to all softmax

inputs (/ogits)?

exp(fe + K) exp(fc) exp(K) exp(fc)

Zj exp(fj -+ K) B Zj exp(fj)exp(l{) - Zj exp(fj)

* Then we can let K = —max; f; (i.e., make largest input to
softmax be 0)



Softmax trick: Temperature scaling

« Suppose we divide every input to the softmax by the same
constant T':

exp(f1/T) exp(fc/T) )
Yjexp(fj/T)" " X;exp(f;/T)

* Prior to normalization, each entry exp(f;) is raised to the power 1/T

« If T is close to 0O, the largest entry will T =01
dominate and output distribution will 1 T =10
approach one-hot

« If T is high, output distribution will
approach uniform

softmax(fy, ..., f; T) = (

Source


https://www.mathway.com/Algebra

Softmax trick: Temperature scaling
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https://www.researchgate.net/figure/An-example-of-categorical-probability-distributions-of-high-temperature-softmax-output_fig1_325016605

Softmax trick: Label smoothing

Recall: cross-entropy loss measures the difference between the
“observed” label distribution P(c|x;) and “estimated” distribution

Py, (c|x;):

— z P(c|x;) log Py, (c|x;)

“Hard” prediction targets

P(correctclass | x;) = 1

/ P(incorrect class | x;) = 0 I I I

Empirical distribution P(c|x;) Estimated distribution Py, (c|x;)



Softmax trick: Label smoothing

Recall: cross-entropy loss measures the difference between the
“observed” label distribution P(c|x;) and “estimated” distribution

Py, (c|x;):

— z P(c|x;) log Py, (c|x;)

“Soft” prediction targets

P(correctclass | x;) = 1 —¢€

mcorreCt class 1) = - I . I I
c-1

Empirical distribution P(clxl) Estimated distribution Py, (c|x;)



Softmax trick: Label smoothing

« When using softmax loss, replace hard 1 and 0 prediction

targets with “soft” targets of 1 — ¢ and CE_—l

 Why is this a good idea?
« Helps to avoid overly confident predictions, account for label noise



