
Backpropagation



Overview
• Computation graphs
• Using the chain rule
• General backpropagation algorithm
• Toy examples of backward pass
• Matrix-vector calculations: ReLU, linear layer



Last time: Multi-layer neural networks
• The function computed by the network is a composition of the 

functions computed by individual layers (e.g., linear layers 
and nonlinearities):

• More precisely:
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Training a multi-layer network

• To train the network, we need to find the gradient of the error 
w.r.t. the parameters of each layer, !"

!#!
, and then apply the 

SGD update
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𝜕𝑒
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Computation graph
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The chain rule
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The chain rule
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Applying the chain rule

Example:  𝑒 = (𝑦 − 𝑤%&𝑥)'

 ℎ. = 𝑓. 𝑥, 𝑤. = 𝑤./𝑥
 𝑒 = 𝑙 ℎ., 𝑦 = (𝑦 − ℎ.)0
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Applying the chain rule
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Example: 𝑒 = −log 𝜎 𝑤%&𝑥 	(assume 𝑦 = 1)

 ℎ. = 𝑓. 𝑥, 𝑤. = 𝑤./𝑥
 ℎ0 = 𝑓0 ℎ. = 𝜎 ℎ.
 𝑒 = 𝑙 ℎ0, 1 = − log ℎ0
 



Applying the chain rule

𝑒 = 𝑙 𝑓'(𝑓%(𝑥, 𝑤%), 𝑤')
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Example: 𝑒 = −log 𝜎 𝑤%&𝑥 	(assume 𝑦 = 1)

 ℎ. = 𝑓. 𝑥, 𝑤. = 𝑤./𝑥
 ℎ0 = 𝑓0 ℎ. = 𝜎 ℎ.
 𝑒 = 𝑙 ℎ0, 1 = − log ℎ0
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Chain rule: General case
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Backpropagation summary

ℎ678
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Downstream gradient: 
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Parameter update:

Forward pass
Backward pass



What about more general computation graphs?

ResNet ResNeXt

Figure source

https://towardsdatascience.com/an-overview-of-resnet-and-its-variants-5281e2f56035


The chain rule: Multiple paths
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The chain rule: Multiple paths
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Overview
• Computation graphs
• Using the chain rule
• General backprop algorithm
• Toy examples of backward pass



A detailed example

𝑓 𝑥, 𝑤 =
1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)

Source: Stanford 231n

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf


A detailed example

1/𝑥 ) = −1/𝑥*

−
1

1.37* 	 ∗ 	1 = −0.53

Local 
gradient

Upstream 
gradient*
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A detailed example

Local 
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exp −1 ∗ −0.53 = −0.20

Source: Stanford 231n

𝑓 𝑥, 𝑤 =
1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf
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A detailed example
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A detailed example
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A detailed example

Source: Stanford 231n

𝑓 𝑥, 𝑤 =
1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)
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A detailed example

-0.60

Source: Stanford 231n
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A detailed example

-0.40

-0.60

Source: Stanford 231n

𝑓 𝑥, 𝑤 =
1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)
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A detailed example
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1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)
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A detailed example
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A detailed example

-0.60

-0.40

0.40

Sigmoid gate 𝜎 𝑥
𝜎) 𝑥 = 𝜎 𝑥 1 − 𝜎 𝑥

𝜎 1 1 − 𝜎 1 = 0.73 ∗ 1 − 0.73 = 0.20

Can simplify computation graph

Source: Stanford 231n

𝑓 𝑥, 𝑤 =
1

1 + exp − 𝑤(3)𝑥(3) + 𝑤(.)𝑥(.) + 𝑤(0)

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf


Example 2

Source: Stanford 231n

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf


Example 2

Source: Stanford 231n

Add gate: “gradient distributor”

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf


Example 2

Add gate: “gradient distributor”
Multiply gate: “gradient switcher”

Source: Stanford 231n

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf


Example 2

Add gate: “gradient distributor”
Multiply gate: “gradient switcher”
Max gate: “gradient router”

Source: Stanford 231n

http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

